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I. INTRODUCTION 



For an automobile travelling at constant speed, the 
mathematical relationship between the directional heading 
of the auto, as measured for example by a magnetic com- 
pass on the dashboard, and the angular deflection of the 
steeVing wheel can be calculated by an integration with 
respect to time. ' To see this, consider the example of a 
constant steering wheel deflection. As the auto travels 
in the resulting circular turning path over the ground, 
the heading changes linearly with time, i.e., the heading 
varies at a constant rate- Since the time integral of a 
constant is a linear function of time, this suggests that 
the heading is in some way related to the integral over 
time of the steering wheel deflection. In tVe analysis 
that follows we will derive this relationship from basic 
geometrical and kinematic principles. The derivation is 
an example of the use of calculus in the mathematical 
modeling of dynamic systems. 

2. THE MATHEMATICAL MOPHL 

2. 1 The Directional Heading and the Angular Deflection 
of the Steering Wheel 

Let the directional heading of the auto be denoted 
by 0(t). A convenient reference direction for 0=0 is 
the direction of magnetic north. Thus e - "^72 corre- 
sponds to the auto's heading east, e = n to its heading 
south, and so forth. The range of'valucs of heading is 

0 r. 0 < 271 . 

Let the :3tuering wheel angular deflection be denoted 
by ;(t), where (J) = 0 corresponds to the neutral position 
of the steering wheel (no turning), a positive value de- 
notes a turn from the neutral position to the right, and 
a lugative value a turn to the left. The range of values 



G 
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of steering wheel deflection is -^max ± ^ ± ^max, where . 
the value of ^^^.^^ depends on the particular type of auto, 
hut is typically greater than 27t . As one would expect, 
the value 4)niax related to the minimum turning radius 
^^min foi* the auto. For sports cars the value of '^j^^y^ is 
usually smaller than it is for passenger cars . For a 
1965 Porsche, ^j^ax about 7 radians (400°) and Rmin is 
5.5m. For a 1 974 Volvo sedan, *max i a^^o^t 4tt radians 
(720°) and Rj^^n is 4.8m. 

Note that the steering wheel deflections ^ = 0 and 
(f. = 2ir are not c^quivalcnt (unlike 6 = 0 and 6 = 2tt which 
arc). The auto's response to 4^ = 2fT (a circular turning 
path to the right) is greatly different from its response 
to -{3 = 0 (a straight line path). 
2.2 The Angular DeFlection of The l-ront Wheels 

The effect of a steering wheel deflection is an 
angular deflection of the front wheels of the auto. This 
angle, measured with respect to the fore^aft center line 
of the auto, is denoted by ^. 

Because of tiic mechanical linkage between the steer- 
ing wheel and the front wheels, the value of ^ is propor- 
tional to the steering wheel deflection^, 

(1) (^=04^. 

The constant of proportionality G, is called the g^ar box 
ratio. Its value depends on the gear ratio of the steer- 
in)^ system for a particular auto. A typical value of G 
is 1/20, that is, a 20° change in the steering wheel de- 
flection '1^ results in a 1° change in front wheel angle <S . 
Thus a typical value of 'max corresponding to Knx = ^20° 
is 36°. Equation (1) permits us to calculate by divid- 
ing b y G . 
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Motion 

Figure 1. The "bicycle roodel** of a turning automobile has a 
single front wheel and a single rear wheel. The 
angular deflection 6 of the front wheel is measured 
against the fore-aft center line of this automobile. 
The wheel base is the length A, the turning radius 
is R. 

Figure 1 shows a simplified geometrical model of an 
auto traveling in a circular turning path of radius R. 
Because the turning radius R is typically much larger 
than the width of the auto, the outside wheels and the in- 
side wheels experience essentially the same conditions. 
For this reason one can analyze the problem using a ''bi- 
cycle model" for the auto, having a single front wheel 
and single rear wheel as shown. The angular deflection ^ 
of the front wheel is showrt in Figure 1. The wheelhase 
of the auto is the distance between the front and rear 
axles . 

From the geometry of Figure 1 it is evident that 
(2) tan6 = J . 

If the turning radius R is large compared with the wheel- 
base I, which is usually two or three meters, then 6 is a 
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small angle and one can calculate it reliably the approx- 
imation 

(4) tanfi - 6 

Exercises : 

1. Investigate th/5 error in the approximation tan6 = 6 by defining 
a relative error e(6) = (tantS - 5)/tan6. 

a) Show that e(6) is^an even function of <5, that is, 
e(-6) = eC6). 

b) Using V Hopital's rule, calculate lime(6). 

c) Show that e > 0 for -fT/2 < 6 < 7t/2 by using the infinite 
series tan6 = 6 + 6V3 + 26VlS + 176^315-+ which 
converges for |6| < 7t/2. 

d) Calculate numerical values for e(6) in 5** increments for 

0 < 6 < 30° 

2. The maximum steering wheel deflection <t>niax corresponds to the 
minimum turning radius Rmin* 

n) Use Equations (l) and (2) to show that 



'^^max^rain 

b) For the data for ^^^^ and Rj^^^ given previously for a 1965 
Porsche, calculate the value of G for 3- = 2.1 m. 

c) Calculate G for a 1974 Volvo sedan having I = 2.6 m. 

d) If you have access to a car, calculate C for it. 

2.3 Relating the Change tn Heading to the Steering Wheel 
De flection 

The angle 6 defined by Equation (2) is called the 
Ackerrnan Angle. For turns at speeds low enough to 
avoid side slipping so that we don't have to oversteer, 
(which are the only speeds we shall consider) , the .\cker- 
man Angle is simply equal to the angle of the front wheel 
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as shown in Figure 1. For high speed turns centrifugal 

e 

force effects l?ecome important and the front wheel angle 
is equal to the Ackerman Angle plus a cotrection for the 
effect of centrijfugal force. ^ ✓ 




East 



Figure 2. The directional heading 9(t) of an automobile 

is its ''compass" heading, measured clockwise in 
radians from magnetic north. The value of 6(t) 
shown above is about 0.6 radians. 

Figure 2 shows the directional heading angle 0{t) of 
the auto as it travels at constant speed V in a circular 
arc of radius R, corresponding to a constant front wheel 
angle 6. 

Since the steering has no effect on the rearwheels 
the fore-aft centerline of the auto is always normal to 
the radius of the turning circle (See Figure 1) and the 
. angle between the radius of the turning circle and the 
East-West reference line is also e(t). In a small time 
interval At the heading cliangcs by an amount and the 
distance travelled" along the circumference of tlic circle 
is simply RAe. The constant speed V is the distance 
travelled RAe divided by the time interval At; 
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oBy taking the limit as At 0 one obtains the instantan- 
eous time rate of change of the heading as 

dt ' R 

F:quatlon (4) makes physical scnj;e: the larger the speed 
V the faster the heading changes, the smaller the turning 
radius R the faster the heading changes. 

By combining Equations (11 through (4) we can relate 
the rate of change of heading (called the yaw velocity 
in vehicle dynamics) to the frpnt wheel angle 6 and hence 
to the steering' wheel angular deflection : 

(5) •■ - ^ - ^ tan6 = ^ 6 - ^ . 

The constant of proportionality VG/Jl depends on the speed, 
gear box ratio, and wheelbase of the auto. To simplify 
the notation, let us denote the constant VG/H by K. Since 
G is dimcnsionlcss , V has units of, say, meters per 
second, and ^ has units of meters, the constant K has 
units of inverse seconds. One can interpret 1/K as the 
time it takes the heading to change by t radians when the . 
steering deflection ^ is held constant at r radians. 

When we rewrite Equation (5) in terms of K, we obtain 

(6) ^ e(t) - K^(t) . 

If we then integrate both sides of Equation (6) from 0 to 
t we obtain the equation 

(7) 0ft) - ft„ = K f^^td )dT , 

' ') 

where 6o ~ 0(0) is the heading at an initial time t = 0, 
and a dumm.y var iah Ic of integration r has been used in 
Equation (7) so that we will not confuse the variable of 
integration with the upper limit of integration t. 

For any steering wheel deflection function 4>(t), 
Equation (7) tells us that the change in heading 0(t) - Oq 



is proportional to the area under the curve .4) Ct) from 
T « Qmto T - t. - 

5> APPLICATION OF THE MATHEMATICAL MODEL ^ 

Consider the case in which the auto is initially 
travjelling at a constant heading Q\ , with (j) = 0 . This 
satisfies the basic "'relationship of Equation (6)' since 6 
is constant for"(j) = 0. Assume that at t = 0 the steering 
wheel is suddenly deflected to an angle (j)^ and held at 
that ^ngle for t^ seconds. ^ Then the steering wheel is 
suddenly restored to 4) =0. The graph of (t>{t) for this 
<; case is s|iown in Figure 3. 
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Figure 3. A steering wheel held in neutral position 



is turned abruptly to the ^right at t = 0, 
held at a deflection of 4)^ r^adians for t^ 
seconds, and returned abruptly to the neutral 
position. ' \ ' ■ 



What heading 0(t) corresponds to the deflection 4>(t) 

To express 6 ii\ terms of 4) we first write down Equa- 
tion (6) for the two time infervals 0 < t < tg and t > tg 
For* the g^ven deflection function, this results in the « 
pair of equations: 

/ ^ - af..^ k(*o » . 0 < t < t, , 



We then integrate hoth sides of Equation (8) from 0 to t 
to get 

(10) . 0(t) - 6(0)' = K4>ot , \ 
or 

(11) e(t) = Ki>,t + , 0 < t < t^ . 

Finally, we integrate both sides of Equation (9) from t^ 
to t to obtain 

(12) e(t) - e(t,,) = o\ ' 

or " 

(13) ' e(t) = e(t^) , t > to . 

The value of 'Ut^) in l:quation (13) may he found hy sub- 
stituting t for t in Equation (11). This yields 

(14) e(to) = K4)oto + 00 , 

so that Equation (13) becomes » 

(15) ^ 6(t) = H,to * , t > to . ■ 

As a pair. Equations (1 1 ) and (15) tell us that 

K4)t + G, , 0 < t < t^ , 

(16) e(t) = j 

Example 1. An automobile travels initially at a constant 
heading 0^ .= Tr/4, with 4) = 0 . At t = 0 , the" steering 
wheel is suddenly deflected to an angle of (^q = and 
is held there For t^ = 2 seconds. Then the steering 
wheel is restored to 4> = 0. If the automobile travels at 
a consultant speed V = 13 m/s,(29 mph) , and if - 2.6 m 
and G = 1/20, find 0(t) for t > 0. . 

Solution. We first calculate 

K -'^ = i s-^ 
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Equation (16) then yields 

IT 

e(t) 
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0 < t ^ 2 



t > 2 



Thus the heading 6(t) changes linearly from its initial 
value of tt/4 (northeast) to a final value of n/2 (east). 
The change in heading (71/4 radians) is th^^^ea under the 
curve (j)(t) of Figure 3 (tt radian- seconds) times K (equal 
to 1/4 s - n . 



Exercises: 

3. An automobile travMTs iliitially at a constant heading 6o = '^/2, 
.with 4> = 0. At t the steering wheel is suddenly deflected to 
an angle of 4>ox*^^/4, and is held there for to = 6 seconds. Then 
the s tee ri;vg wheel is abruptly restored to (|) = 0. If the automobile 
traversal the constant speed of V = 14 m/s, and if = 2.1 m and 
GX^l/20, find the heading e(t) for t > 0. 

4. We wish to change the value of tg and in Example 1 so that 
the automobile will have a final heading of 6 = ir. Find a relation- 
ship between tp and that will achieve .this. 

5. For a steering wheel deflection function shown in Figure 4, 



4)(t) 




3to 4t, 


^0 


t 


0 2to 




t 



Figure 4.- The steering wheel deflection function of 
Exercise 5. " - 
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find the final value of the heading if its initial value is 

e(o) = . ^ 

d*. Suppose that the steering wheel deflection function of an auto- 
mobile is 4'(t) = ^Joe"^^ tor t >.-0. 

a) What are the physical dimensions of the constant a? 

b) What is the value of t at which 4)(t) = 4>o/e which is ap- 
proximately 0.3684)o? 

c) Use Equation (7) to obtain an expression for 0(t) for 
t > 0. 

d) Find the limitihg value lim e(t). 

7. An auto travelling at V = 20 m/s has a gearbox ratio G = 1/20 
and a- wheelbase = 3 m. What value of the steering wheel, deflec- 
tion will make the auto travel in a circular arc of radius 40 ra? 

o 



0 
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4 . MODEL EXAM 



Automobile turning specifications are sometimes given in terms 

of a steering factor, defined as the number of turns of the 

steering wheel necessary to establish a 30 foot {9.14 m) constant 

radius turn. For a 1980 Datsun 210 wagon the steering factor is 

0.67, the wheelbase I is 2.33 m. and R . = 4.88 m. 
' min 

a. Calculate the gearbox radius G. 

b. Calculate the maximum front wheel deflection angle 6 

max 

c. Calculate the maximum steering wheel deflection angle 4>„^^> 

nia X 

For an automobile travelling at constant speed the steering wheel 
deflection f|)(t) is given by: 



4>(t) 

7T/2 • 



7T/4 - 



0 
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a. By using the functional relationship of Equation (6) tieter- 
mine which of the followi^ng graphs corresponds to the heading 

ect). 

b. If G = 1/20 and I = 5m., what is the speed V of the auto? 



ject) 





Cnse C 

3. During a testing run of the auto the heading 0(t) is recorded 
to be: 



e(t) = 



to 2 0 



5K± t 

^0 0 



0 < t < t„ 



t < t < 2t^ 

0 —0 



t > 2t„ 



What is the corresponding steering wheel deflection (t>(t) during 
each time interval? 

4. An auto is travelling at an initial constant heading 0^. Let us 
model a realistic "right turn at the next corner** by the steering 
wheel deflection shown', where t = 0 marks the beginning of the 
turn and t = t^ the end of the turn. , 




(b sinTT — 0 < t < t„ 

a. Determine the heading 8Ct) during the interval 0 < t < t 



using the relationship of Equation (6). 
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b. What is the final heading of the auto? 

c. If (|)^ s= IT and K. » i s*^ . what is the required value of t^ 
for a 90° (7t/2 radian) change in the heading? 



ERIC 18 



13 



5 . ANSWERS TO EXERCISES 



1. a) e(-6) - [tan(-6) - (-6) ] /tan(-6) . Since tan(-6) = -tan6, 

e("6) = e{6) 
bl Urn e{6) = lim (sec^6 - l)/sec^6 =0 

c) e(6) is an even function of 6 and for 6 > 0, tan<5 > 6 > o. 

6 0** 5** 10** 15*» 20** 25** 30** 

d) 

e(5) 0 .0025 .0102 .0230 .0409 .0643 .0931 

2. a) G = 0.055 ; b) G = 0.043 

3. e(t) = jy t + y , 0 < t < 6 

8(t) = 1 + I. = TT . t > 6 . 

4. 0„ * t^K(^Q = 7T ; • t^^^ = 37T 

5. Final value is 6 = 6^ since the area under the curve 4)(t) is 
zero . 

6. a) a has dimensions of inverse time since the exponent must 

be dimensionless . 



b) t = 1/a 



c) e(t) = 0 + (1 . e-«^) 



d) lim 0(t) = 0 + ; the area under the curve 4)(t) is 



finite. 



(l>^ = radiaaB ^86° 
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6. ANSWERS TO MODEL EXAM 



G = 

6 
max 

^max 



2.33 



4)R 27T(.67)(9.14) 

i 



= 0.06 



min 4.88 
max 



2^ =0.48 radians = 27° 



= 8 radians ^ 458 



a. Case B. Since 0 = k(|) the slope of the heading 0Ct) in the 
interval 10 <^ t £ 20 must be half of what it is in the 
interval 0 £ t £ 10. 

VG 1 

b. ~ ~f " To ^^^^ proportionality between 0 and 
Thus V = 6 ra/s. 

By differentiating the heading ©(t) one finds: 



0 < t < t„ 



. t < t < 2t 
0 — 0 



t > 2t^ 



ect) = 0, ^ 



b. ect^j = 0^ . 



^0 0 



1 - CO S 7T - 



2K.p t 



7T sec ~ 3. 14vsec. 
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